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1. Introduction
A helix is a curve whose tangent lines make a constant angle with a ﬁxed vector. It is well known that helix is one of
the most interesting curves in science and nature. Scientists have long held a fascinating, sometimes bordering on mystical
obsession, for helical structures in nature. Helices arise in nano-springs, carbon nano-tubes, K-helices, DNA double, fractal
geometry and so on, cf. [9].
As pointed out by M.I. Munteanu in [11], the curves making constant angle with the position vector are studied and have
biological interpretation. From the view of differential geometry, a natural problem is to ﬁnd all surfaces in the Euclidean
space making a constant angle with the position vector. Munteanu called these surfaces constant slope surfaces and gave a
complete classiﬁcation of such surface in [11]. Some nice pictures of special examples were also given in the same paper,
which show that constant slope surfaces form a very interesting family of surfaces in the Euclidean 3-space.
A closely related concept is the study of constant angle surfaces, which are the surfaces making constant angle with
some ﬁxed vector direction. In the last years, constant angle surfaces have been widely studied, among others, in [3,5–7,10,
12].
In the Minkowski 3-dimensional space L3, we want to deﬁne the concept of constant slope surfaces in the same manner
as in the case of Euclidean ambient space. Due to the variety of causal character of a vector, there does not exist a natural
concept of angle between two arbitrary vectors. Only it is possible to deﬁne the angle between two vectors provided that
any vector is not lightlike. If this happen, the angle is different for different pair of vectors. For the angle between two
vectors in L3, we refer to [1,2]. For every point on a spacelike surface, its normal vector is always timelike. Hence, we
have to distinguish the cases when the position vector lies in the timelike cone and in the spacelike cone, respectively.
If the position vector lies in the light cone, there is not the angle concept. So, this is not our case. By these deﬁnitions,
we study spacelike constant slope surfaces in the Minkowski space in this paper. Precisely, we completely classify constant
slope spacelike surfaces in L3, see Theorems 3.2 and 3.4. By the classiﬁcation results, it’s interesting that there appear some
examples of surfaces of revolution with a lightlike axis in L3. At last, some interesting pictures are also draw by Matlab 6.5.
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2.1. Basic notation, formulas and deﬁnitions
Let R3 = {(x1, x2, x3) | x1, x2, x3 ∈ R} be a 3-dimensional vector space, x = (x1, x2, x3) and y = (y1, y2, y3) be two vectors
in R3, the pseudo-scalar product of x and y is deﬁned by 〈x, y〉 = x1 y1 + x2 y2 − x3 y3. We call (R3, 〈 , 〉) a 3-dimensional
pseudo-Euclidean space or Minkowski 3-space. We denote L3 instead of (R3, 〈 , 〉).
Let x : M → L3 be an isometric immersion of a surface M into L3. Denote the Levi-Civita connections of M and L3 by ∇
and ∇¯ , respectively. Let X and Y denote vector ﬁelds tangent to M and let ξ be a normal vector ﬁeld. Then the Gauss and
Weingarten formulas are given, respectively, by (cf. [4,13])
∇˜X Y = ∇X Y + h(X, Y ), (2.1)
∇˜Xξ = −Aξ X + DXY , (2.2)
where h, A are the second fundamental form and the shape operator. It is well known that the second fundamental form h
and the shape operator A are related by
〈
h(X, Y ), ξ
〉= 〈Aξ X, Y 〉. (2.3)
The Gauss and Codazzi equations are given respectively by
〈
R(X, Y )Z ,W
〉= 〈h(Y , Z),h(X,W )〉− 〈h(X, Z),h(Y ,W )〉,
(∇X A)Y = (∇Y A)X,
where R is the curvature tensor of Levi-Civita connection on M .
An arbitrary vector v in L3 has one of three Lorentzian causal characters; it can be spacelike if 〈v, v〉 > 0 or v = 0,
timelike if 〈v, v〉 < 0 and null (lightlike) if 〈v, v〉 = 0 and v = 0. Similarly, an arbitrary curve α = α(s) in L3 is called
spacelike, timelike, or null (lightlike), if all of its velocity vectors α′ are respectively spacelike, timelike, or null (lightlike),
for every s ∈ I ⊂ R. A timelike vector v = (x1, x2, x3) is said to be positive (resp. negative) if and only if x3 > 0 (resp. x3 < 0).
The pseudo-norm of the vector x ∈ L3 is deﬁned by
‖v‖ =
√∣∣〈v, v〉∣∣.
The isometry group of L3 is the semi-direct product of the translations group and the orthogonal Lorentzian group O (1,2).
With respect to the orthogonal group, there are three one-parameter subgroups of isometries of L3, that ﬁx an axis (line),
depending on the causal character of the axis. If the axis is spacelike it is given by⎛
⎝1 0 00 cosh t sinh t
0 sinh t cosh t
⎞
⎠ , t ∈ R (hyperbolic group).
If the axis is timelike it is given by⎛
⎝ cos t − sin t 0sin t cos t 0
0 0 0
⎞
⎠ , 0 < t < 2π (elliptic group),
and if the axis is lightlike it is given by⎛
⎝
t2
2 1− t
2
2 t
t −t 1
1+ t22 − t
2
2 t
⎞
⎠ , t ∈ R (parabolic group).
Hano and Nomizu [8] obtained parametrizations for the spacelike surfaces of revolution in L3, using the fact that they must
be invariant by the action of one of the 1-parameter subgroups of isometries, cited above. By taking the proﬁle curve γ (s)
in the xz-plane, parametrized by γ (s) = ( f (s),0, g(s)), they obtained the following parametrizations, for both spacelike and
timelike axes:
x1(s, t) =
(
f (s), g(s) cosh t, g(s) sinh t
)
, g(s) = 0,
x2(s, t) =
(
f (s) cos t, f (s) sin t, g(s)
)
, f (s) = 0.
For lightlike axis, the proﬁle curve is given by γ (s) = ( f (s), g(s),0), where s is the arc length parameter, and the
parametrization is given by
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((
f (s) − g(s)) t2
2
+ g(s), ( f (s) − g(s))t, ( f (s) − g(s)) t2
2
+ f (s)
)
.
The angle between two vectors in the Minkowski space is deﬁned by [1,2]:
Deﬁnition 2.1. Let u and v be spacelike vectors in L3 that span a spacelike vector subspace. Then we have |g(u, v)| 
‖u‖‖v‖ and hence, there is a unique positive real number φ such that
∣∣g(u, v)∣∣= ‖u‖‖v‖ cosφ.
The real number φ is called the Lorentzian spacelike angle between u and v .
Deﬁnition 2.2. Let u and v be spacelike vectors in L3 that span a timelike vector subspace. Then we have |g(u, v)| > ‖u‖‖v‖
and hence, there is a unique positive real number φ such that
∣∣g(u, v)∣∣= ‖u‖‖v‖ coshφ.
The real number φ is called the Lorentzian timelike angle between u and v .
Deﬁnition 2.3. Let u and v be positive (negative) timelike vectors in L3. Then there is a unique non-negative real number
φ such that
∣∣g(u, v)∣∣= ‖u‖‖v‖ coshφ.
The real number φ is called the Lorentzian timelike angle between u and v .
Deﬁnition 2.4. Let u be a spacelike vector and v a positive timelike vector in L3. Then there is a unique non-negative real
number φ such that
∣∣g(u, v)∣∣= ‖u‖‖v‖ sinhφ.
The real number φ is called the Lorentzian timelike angle between u and v .
Finally, we recall the notion of the Lorentzian cross-product:
× : L3 × L3 → L3,(
(u1,u2,u3), (v1, v2, v3)
) → (u2v3 − u3v2,u3v1 − u1v3,u2v1 − u1v2).
As the cross-product in Euclidean 3-space, the Lorentzian cross-product has similar algebraic and geometric properties:
(i) u × v is perpendicular to u and v , i.e. 〈u × v,u〉 = 〈u × v, v〉 = 0;
(ii) u × v = −v × u;
(iii) 〈u × v,u × v〉 = −〈u,u〉〈v, v〉 + 〈u, v〉2, for all u, v in L3.
3. Classiﬁcation of spacelike constant slope surfaces
Now we consider an orientable surface M in the 3-dimensional Minkowski space L3. For a generic point p on M im-
mersed in L3 \ {0}, denote x by its position vector. The angle between two vectors in L3 is given by Deﬁnitions 2.1–2.4.
Here we study those spacelike surfaces M in L3 which make a constant angle θ with position vector x. For a spacelike
surface M in L3, since the normal vector ξ is always timelike, we may assume ξ unitary, i.e. 〈ξ, ξ〉 = −1. Denote by ‖x‖ = μ.
Since one cannot deﬁne the angle between a lightlike vector and another vector in L3, we assume that x does not lie in the
light cone, i.e. μ = 0. We distinguish the following two cases.
3.1. Spacelike constant slope surfaces lying in the timelike cone
In this section we deal with the case: the immersion x lies in the timelike cone, i.e., 〈x, x〉 = −μ2. Then, by Deﬁnition 2.3
we can decompose x in the form
x
μ
= U + cosh θξ, (3.1)
where U is the projection of x on the tangent plane of M . Hence we have 〈U ,U 〉 = sinh2 θ . When θ = 0, this is a trivial
case that the immersion is an open part of spacelike hyperbolic space H2 in L3.
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ﬁeld on M orthogonal to e1 in such a way that {e1, e2, ξ} deﬁnes an oriented unit orthonormal basis for every point of M .
We write now the position vector x in the following form
x
μ
= sinh θe1 + cosh θξ. (3.2)
Since ∇˜X x = X for every tangent vector ﬁeld X to M , it follows from (3.2) that
X = X(μ)(sinh θe1 + cosh θξ) + μ sinh θ∇˜Xe1 + μ cosh θ∇˜Xξ. (3.3)
Applying the Gauss and Weingarten formulas (2.1), (2.2), and identifying the tangent and the normal parts give
X = X(μ) sinh θe1 + μ sinh θ∇Xe1 − μ cosh θ AX, (3.4)
cosh θ X(μ)ξ + μ sinh θh(X, e1) = 0. (3.5)
Taking the derivative with respect to tangent vector ﬁeld X on both sides of the equality 〈x, x〉 = −μ2 yields
μX(μ) = −〈X, x〉. (3.6)
Combining this with (3.2) gives
X(μ) = − sinh θ〈X, e1〉. (3.7)
Let X = e1 and then X = e2. Eq. (3.7) reduces to
e1(μ) = − sinh θ, e2(μ) = 0. (3.8)
Substituting (3.7) into (3.5), and furthermore using (2.3) yield
Ae1 = −cosh θ
μ
e1, (3.9)
which implies that e1 is a principal direction for the shape operator. Therefore, there exists a smooth function ρ on M , such
that
Ae2 = ρe2. (3.10)
Now we state the following proposition.
Proposition 3.1. The Levi-Civita connection ∇ of M is given by
∇e1e1 = ∇e1e2 = 0, ∇e2e1 =
1+ μρ cosh θ
μ sinh θ
e2, ∇e2e2 = −
1+ μρ cosh θ
μ sinh θ
e1. (3.11)
Proof. Put X = e1 and X = e2 successively in Eq. (3.4). Combining these with (3.9) and (3.10), one can calculate that the
Levi-Civita connection ∇ satisﬁes Eqs. (3.11). 
We state our main theorem in this part.
Theorem 3.2. Let x : M → L3 be a spacelike surface immersed in the 3-dimensional Minkowski space L3 . If x lies in the timelike cone,
then M is a constant slope surface if and only if one of the following ﬁve statements holds:
(1) the immersion x(M) is an open portion of the hyperbolic space H2 centered at the origin;
(2) the immersion x(M) is a surface of revolution with a lightlike axis, given by
x(s, t) = s
2
(
sinh2 θ s− coth θ + scoth θ (t2 − 1),2scoth θ t, sinh2 θ s− coth θ + scoth θ (t2 + 1)),
where θ is a positive constant angle function;
(3) the immersion x(M) is a surface of revolution with a lightlike axis, given by
x(s, t) = s
2
(
sinh2 θ scoth θ + s− coth θ (t2 − 1),2s− coth θ t, sinh2 θ scoth θ + s− coth θ (t2 + 1)),
where θ is a positive constant angle function;
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x(s, t) = s sinh θ(sinh(coth θ ln s) cos t, sinh(coth θ ln s) sin t, cosh(coth θ ln s)),
where θ is a positive constant angle function;
(5) the immersion x(M) is given by
x(s, t) = s sinh θ(cosh(coth θ ln s) f (t) + sinh(coth θ ln s) f (t) × f ′(t)),
where f is a unit speed curve on H2 and θ is a positive constant angle function.
Proof. Let x(M) be a spacelike constant slope surface lying the timelike cone in L3. If the angle θ is vanishing identically,
then x is always normal to M . This gives case (1).
Assume θ = 0. From Proposition 3.1, we deduce [e1, e2] = − 1+μρ cosh θμ sinh θ e2 immediately. Hence there exists a nonzero
smooth function λ on M such that [e1, λe2] = 0 if and only if λ satisﬁes
e1(λ) − λ1+ μρ cosh θ
μ sinh θ
= 0. (3.12)
Now take local coordinates (s, t) on M with ∂
∂s = e1 and ∂∂t = λe2. Therefore the metric tensor of M is given by
g = ds2 + λ2 dt2. (3.13)
Consequently, (3.8) and (3.12) become
μs = − sinh θ, μt = 0, (3.14)
λs = λ1+ μρ cosh θ
μ sinh θ
. (3.15)
Solving (3.14) gives μ = −s sinh θ + c0. After taking a translation of the variable s, we may choose c0 = 0.
Now consider the immersion as in the form (3.2). Using the remark as above, (3.2) becomes
x = −s sinh2 θxs − s sinh θ cosh θξ. (3.16)
Furthermore, it follows from (3.9) and the Weingarten formula (2.2) that
(ξ)s = −coth θ
s
∂
∂s
. (3.17)
Combining (3.16) with (3.17) yields
s2 sinh2 θxss − s sinh2 θxs − x = 0. (3.18)
Solving this differential equation (3.18) gives the immersion
x(s, t) = s1+coth θC1(t) + s1−coth θC2(t), (3.19)
where C1, C2 are vector-valued functions depending only on t in L3 and cannot be simultaneously constant vectors.
Consequently, by the condition 〈x, x〉 = −s2 sinh2 θ we have
s2+2coth θ
〈
C1(t),C1(t)
〉+ 2s2〈C1(t),C2(t)〉+ s2−2coth θ 〈C2(t),C2(t)〉= −s2 sinh2 θ, (3.20)
which implies that
〈
C1(t),C1(t)
〉= 〈C2(t),C2(t)〉= 0, 〈C1(t),C2(t)〉= − sinh
2 θ
2
. (3.21)
Moreover, from (3.9)–(3.11), it follows that the Codazzi equation reduces to
ρs +
(
ρ + cosh θ
μ
)
1+ μρ cosh θ
μ sinh θ
= 0. (3.22)
Substituting μ = −s sinh θ into (3.22) gives
−s2 sinh3 θρs + (s sinh θρ − cosh θ)(1− s sinh θ cosh θρ) = 0. (3.23)
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s sinh2 θαs = − cosh θ
(
α2 − 2cosh θα + 1). (3.24)
In view of Eq. (3.24), we note that a particular case αs = 0 yields α = cosh θ ± sinh θ . In this case, ρ = coth θ±1s and (3.15)
becomes
λs
λ
= 1± coth θ
s
. (3.25)
Solving (3.25) gives
λ = s1±coth θφ(t), (3.26)
where φ is a nonzero smooth function deﬁned on M . This indicates that, after a change of the t-coordinate, we can assume
φ(t) = 1. Thus the metric (3.13) takes the form
g = ds2 + s2±2coth θ dt2. (3.27)
Case 1: “+”. On one hand, by (3.27), (3.19) reduces to
〈
C ′1(t),C ′1(t)
〉= 1, 〈C ′1(t),C ′2(t)〉= 〈C ′2(t),C ′2(t)〉= 0, (3.28)〈
C1(t),C
′
2(t)
〉= 〈C2(t),C ′1(t)〉= 0. (3.29)
In this case, {C1(t),C2(t),C ′1(t)} forms a pseudo-orthonormal frame in L3. On the other hand, (3.21) implies that
〈C ′2(t),C2(t)〉 = 0. Therefore, we have C ′2(t) = 0, which implies that C2 is a null constant vector in L3. Without loss of
generality, we may choose
C2 = 1
2
(
sinh2 θ,0, sinh2 θ
)
.
It follows from (3.21) and the ﬁrst equation of (3.28) that
C1(t) = 1
2
(
t2 − 1,2t, t2 + 1). (3.30)
Substituting these into (3.19) gives case (2). In this case, the immersion is a surface of revolution with a lightlike axis and
the proﬁle curve is given by
γ (s) = 1
2
(
sinh2 θ s1−coth θ + s1+coth θ , sinh2 θ s1−coth θ − s1+coth θ ,0).
Case 2: “−”. Similarly, we obtain that C1 is a constant null vector. Put
C1 = 1
2
(
sinh2 θ,0, sinh2 θ
)
,
then we have
C2(t) = 1
2
(
t2 − 1,2t, t2 + 1). (3.31)
Substituting these into (3.19) gives case (3). In this case, the immersion is a surface of revolution with a lightlike axis and
the proﬁle curve is given by
γ (s) = 1
2
(
sinh2 θ s1+coth θ + s1−coth θ , sinh2 θ s1+coth θ − s1−coth θ ,0).
Suppose αs = 0. By integration, the solution of Eq. (3.24) is given by
α = cosh θ + sinh θ + 2 sinh θϕ(t)
s2coth θ − ϕ(t) , (3.32)
where ϕ is a nonzero smooth function. Combining this with α = s sinh θρ , and substituting these into (3.15) gives
λs
λ
= 1+ coth θ
s
+ 2coth θϕ(t)
s(s2coth θ − ϕ(t)) . (3.33)
Solving this differential equation, we have
λ = s1−coth θ (s2coth θ − ϕ(t))ψ(t), (3.34)
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g = ds2 + s2−2coth θ (s2coth θ − ϕ(t))2ψ2(t)dt2 (3.35)
for nonzero functions ϕ and ψ depending only on t .
If we put
C˜1(t) = C1(t) + C2(t)
sinh θ
, C˜2(t) = C1(t) − C2(t)
sinh θ
, (3.36)
then C˜1(t), C˜2(t) satisfy
−〈C˜1(t), C˜1(t)〉= 〈C˜2(t), C˜2(t)〉= 1, 〈C˜1(t), C˜2(t)〉= 0, (3.37)
and (3.19) becomes
x(s, t) = s sinh θ(cosh(coth θ ln s)C˜1(t) + sinh(coth θ ln s)C˜2(t)). (3.38)
It follows from (3.35) and (3.38) that
〈
C˜ ′1(t), C˜ ′1(t)
〉= ψ2(t)(1− ϕ(t))2
sinh2 θ
,
〈
C˜ ′1(t), C˜ ′2(t)
〉= ψ2(t)(1− ϕ2(t))
sinh2 θ
, (3.39)
〈
C˜ ′2(t), C˜ ′2(t)
〉= ψ2(t)(1+ ϕ(t))2
sinh2 θ
,
〈
C˜ ′1(t), C˜2(t)
〉= 〈C˜ ′2(t), C˜1(t)〉= 0. (3.40)
If ϕ(t) = 1, then (3.39) becomes
〈
C˜ ′1(t), C˜ ′1(t)
〉= 〈C˜ ′1(t), C˜ ′2(t)〉= 0. (3.41)
Thus, from (3.37), (3.40) and (3.41) we obtain C˜ ′1(t) = 0. This shows that C˜1 is a timelike constant vector in L3. Without loss
of generality, we assume that C˜1 = (0,0,1). After making a change of the t-coordinate, we can assume 〈C˜ ′2(t), C˜ ′2(t)〉 = 1.
Combining these with (3.37) gives
C˜2(t) = (cos t, sin t,0).
Substituting these into (3.38), we obtain case (4) in Theorem 3.2.
Suppose ϕ(t) = 1. After making a change of the t-coordinate, we may assume 〈C˜ ′1(t), C˜ ′1(t)〉 = 1. Since 〈C˜2(t), C˜1(t)〉 =
〈C˜2(t), C˜ ′1(t)〉 = 0, it follows that C˜2 = ±C˜1 × C˜ ′1. We assume C˜2 = C˜1 × C˜ ′1. Denote by f (t) = C˜1(t). Then the immersion
(3.38) reduces to case (5) in Theorem 3.2.
Conversely, it is easy to verify that each of the ﬁve types of spacelike surfaces is a constant slope surface in L3. 
3.2. Spacelike constant slope surfaces lying in the spacelike cone
In this section we treat the remaining case: the immersion x lies in the spacelike cone, i.e., 〈x, x〉 = μ2. Then, by Deﬁni-
tion 2.4 we can decompose x in the form
x
μ
= U + sinh θξ, (3.42)
where U is the projection of x on the tangent plane of M . Hence we have 〈U ,U 〉 = cosh2 θ . When the angle θ = 0, this is a
trivial case that the immersion is an open part of spacelike cone in L3, which can be parametrized as
x(s, t) = sf (t), (3.43)
where f is a unit speed curve on S21.
Now assume θ = 0. Let e1 = Ucosh θ , which deﬁnes a unit spacelike tangent vector ﬁeld on M and choose e2 a unit vector
ﬁeld on M orthogonal to e1. In such a way, {e1, e2, ξ} deﬁnes an oriented unit orthonormal basis for every point on M . We
write the position vector x in the following form
x
μ
= cosh θe1 + sinh θξ. (3.44)
Since ∇˜X x = X for every tangent vector ﬁeld X to M , it follows from (3.44) that
X = X(μ)(cosh θe1 + sinh θξ) + μ cosh θ∇˜Xe1 + μ sinh θ∇˜Xξ. (3.45)
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X = X(μ) cosh θe1 + μ cosh θ∇Xe1 − μ sinh θ AX, (3.46)
sinh θ X(μ)ξ + μ cosh θh(X, e1) = 0. (3.47)
Taking the derivative with respect to tangent vector ﬁeld X on both sides of the equality 〈x, x〉 = μ2 yields
μX(μ) = 〈X, x〉. (3.48)
Combining this with (3.44) gives
X(μ) = cosh θ〈X, e1〉. (3.49)
Let X = e1 and then X = e2. The previous equation reduces to
e1(μ) = cosh θ, e2(μ) = 0. (3.50)
Substituting (3.49) into (3.47), and furthermore using (2.3) yield
Ae1 = sinh θ
μ
e1, (3.51)
which implies that e1 is a principal direction for the shape operator. Therefore, there exists a smooth function ρ on M , such
that
Ae2 = ρe2. (3.52)
Similar to Proposition 3.1, we have
Proposition 3.3. The Levi-Civita connection ∇ of M is given by
∇e1e1 = ∇e1e2 = 0, ∇e2e1 =
1+ μρ sinh θ
μ cosh θ
e2, ∇e2e2 = −
1+ μρ sinh θ
μ cosh θ
e1. (3.53)
We state the main theorem in this part.
Theorem 3.4. Let x : M → L3 be a spacelike surface immersed in the 3-dimensional Minkowski space L3 . If x lies in the spacelike
cone, then M is a constant slope surface if and only if one of the following ﬁve statements holds:
(1) the immersion x(M) is an open portion of a cone with the vertex at the origin, which can be parametrized as
x(s, t) = sf (t), (3.54)
where f is a unit speed curve on S21;
(2) the immersion x(M) is a surface of revolution with a lightlike axis, given by
x(s, t) = s
2
(− cosh2 θ s− tanh θ + stanh θ (t2 − 1),2stanh θ t,− cosh2 θ s− tanh θ + stanh θ (t2 + 1)),
where θ is a positive constant angle function;
(3) the immersion x(M) is a surface of revolution with a lightlike axis, given by
x(s, t) = s
2
(− cosh2 θ stanh θ + s− tanh θ (t2 − 1),2s− tanh θ t,− cosh2 θ stanh θ + s− tanh θ (t2 + 1)),
where θ is a positive constant angle function;
(4) the immersion x(M) is a surface of revolution with a spacelike axis, given by
x(s, t) = s cosh θ(cosh(tanh θ ln s), sinh(tanh θ ln s) sinh t, sinh(tanh θ ln s) cosh t),
where θ is a positive constant angle function;
(5) the immersion x(M) is given by
x(s, t) = s cosh θ(cosh(tanh θ ln s) f (t) + sinh(tanh θ ln s) f (t) × f ′(t)),
where f is a unit speed curve on S21 and θ is a positive constant angle function.
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x(M) is a cone, which parametrized as (3.43). We obtain case (1).
Assume θ = 0. From Proposition 3.3, we have [e1, e2] = − 1+μρ sinh θμ cosh θ e2. Hence there exists a nonzero smooth function λ
on M such that [e1, λe2] = 0 if and only if λ satisﬁes
e1(λ) − λ1+ μρ sinh θ
μ cosh θ
= 0. (3.55)
Therefore, there exist local coordinates (s, t) on M such that ∂
∂s = e1 and ∂∂t = λe2. Then the metric tensor of M is given by
g = ds2 + λ2 dt2. (3.56)
Consequently, (3.50) and (3.55) become
μs = cosh θ, μt = 0, (3.57)
λs = λ1+ μρ sinh θ
μ cosh θ
. (3.58)
Solving (3.55) gives μ = s cosh θ + c0. After making a translation, we choose c0 = 0.
Now consider the immersion as in the form (3.44). Using the remark as above, (3.44) becomes
x = s cosh2 θxs + s sinh θ cosh θξ. (3.59)
Furthermore, it follows from (3.51) and Weingarten formula (2.2) that
(ξ)s = − tanh θ
s
∂
∂s
. (3.60)
Combining (3.59) with (3.60) yields
s2 cosh2 θxss − s cosh2 θxs + x = 0. (3.61)
Solving (3.61) gives the immersion in the form
x(s, t) = s1+tanh θC1(t) + s1−tanh θC2(t), (3.62)
where C1, C2 are vector-valued functions and cannot be simultaneously constant vectors.
Consequently, by the condition 〈x, x〉 = s2 cosh2 θ we have
〈
C1(t),C1(t)
〉= 〈C2(t),C2(t)〉= 0, 〈C1(t),C2(t)〉= cosh
2 θ
2
. (3.63)
Moreover, from (3.51)–(3.53) and μ = s cosh θ , it follows that the Codazzi equation reduces to
ρs +
(
ρ − tanh θ
s
)
1+ s sinh cosh θ
s cosh2 θ
= 0. (3.64)
Thus
s2 cosh3 θρs + (s cosh θρ − sinh θ)(1+ s sinh θ cosh θρ) = 0. (3.65)
If we put α = s cosh θρ , then the previous equation becomes
s cosh2 θαs = − sinh θ
(
α2 − 2 sinh θα − 1). (3.66)
Similarly, in view of Eq. (3.66), a particular case αs = 0 yields α = sinh θ ± cosh θ . In this case, ρ = tanh θ±1s and (3.57)
becomes
λs
λ
= 1± tanh θ
s
. (3.67)
Solving (3.67) gives
λ = s1±tanh θφ(t), (3.68)
where φ is a nonzero smooth function deﬁned on M . After a change of the t-coordinate, we can assume φ(t) = 1. Thus the
metric (3.56) takes the form
g = ds2 + s2±2 tanh θ dt2. (3.69)
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〈
C ′1(t),C ′1(t)
〉= 1, 〈C ′1(t),C ′2(t)〉= 〈C ′2(t),C ′2(t)〉= 0, (3.70)〈
C1(t),C
′
2(t)
〉= 〈C2(t),C ′1(t)〉= 0. (3.71)
In this case, {C1(t),C2(t),C ′1(t)} forms a pseudo-orthonormal frame in L3. On the other hand, (3.63) implies that
〈C ′2(t),C2(t)〉 = 0. Therefore, we have C ′2(t) = 0, which implies that C2 is a null constant vector in L3. Without loss of
generality, we may choose
C2 = −1
2
(
cosh2 θ,0, cosh2 θ
)
.
It follows from (3.63) and the ﬁrst equation of (3.70) that
C1(t) = 1
2
(
t2 − 1,2t, t2 + 1). (3.72)
Substituting these into (3.62) gives case (2). In this case, the immersion is a surface of revolution with a lightlike axis and
the proﬁle curve is given by
γ (s) = −1
2
(
cosh2 θ s1−tanh θ − s1+tanh θ , cosh2 θ s1−tanh θ + s1+tanh θ ,0).
Case 2: “−”. Similarly, we obtain that C1 is a constant null vector. Put
C1 = −1
2
(
cosh2 θ,0, cosh2 θ
)
,
then we have
C2(t) = 1
2
(
t2 − 1,2t, t2 + 1). (3.73)
Substituting these into (3.62) gives case (3). In this case, the immersion is a surface of revolution with a lightlike axis and
the proﬁle curve is given by
γ (s) = −1
2
(
cosh2 θ s1+tanh θ − s1−tanh θ , cosh2 θ s1+tanh θ + s1−tanh θ ,0).
Suppose αs = 0. By integration, the solution of Eq. (3.66) is given by
α = cosh θ + sinh θ + 2cosh θϕ(t)
s2 tanh θ − ϕ(t) , (3.74)
where ϕ is a nonzero smooth function. Combining this with α = s cosh θρ , and substituting these into (3.58) gives
λs
λ
= 1+ tanh θ
s
+ 2 tanh θϕ(t)
s(s2 tanh θ − ϕ(t)) . (3.75)
Solving this differential equation, we have
λ = s1−tanh θ (s2 tanh θ − ϕ(t))ψ(t), (3.76)
where ψ is also a nonzero smooth function deﬁned on M . In this case, the metric g is given by
g = ds2 + s2−2 tanh θ (s2 tanh θ − ϕ(t))2ψ2(t)dt2 (3.77)
for nonzero functions ϕ and ψ .
If we put
C˜1(t) = C1(t) + C2(t)
cosh θ
, C˜2(t) = C1(t) − C2(t)
cosh θ
, (3.78)
then C˜1(t), C˜2(t) satisfy〈
C˜1(t), C˜1(t)
〉= −〈C˜2(t), C˜2(t)〉= 1, 〈C˜1(t), C˜2(t)〉= 0, (3.79)
and (3.62) becomes
x(s, t) = s cosh θ(cosh(tanh θ ln s)C˜1(t) + sinh(tanh θ ln s)C˜2(t)). (3.80)
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It follows from (3.77) and (3.80) that
〈
C˜ ′1(t), C˜ ′1(t)
〉= ψ2(t)(1− ϕ(t))2
cosh2 θ
,
〈
C˜ ′1(t), C˜ ′2(t)
〉= ψ2(t)(1− ϕ2(t))
cosh2 θ
, (3.81)
〈
C˜ ′2(t), C˜ ′2(t)
〉= ψ2(t)(1+ ϕ(t))2
cosh2 θ
,
〈
C˜ ′1(t), C˜2(t)
〉= 〈C˜ ′2(t), C˜1(t)〉= 0. (3.82)
If ϕ(t) = 1, then (3.81) becomes〈
C˜ ′1(t), C˜ ′1(t)
〉= 〈C˜ ′1(t), C˜ ′2(t)〉= 0. (3.83)
Thus, from (3.79), (3.82) and (3.83) we obtain C˜ ′1(t) = 0. This shows that C˜1 is a spacelike constant vector in L3. Without loss
of generality, we assume that C˜1 = (1,0,0). After making a change of the t-coordinate, we can assume 〈C˜ ′2(t), C˜ ′2(t)〉 = 1.
Combining these with (3.79) gives
C˜2 = (0, sinh t, cosh t).
Substituting these into (3.80), we obtain case (4) in Theorem 3.4.
Suppose ϕ(t) = 1. After making a change of the t-coordinate, we may assume 〈C˜ ′1(t), C˜ ′1(t)〉 = 1. Since 〈C˜2(t), C˜1(t)〉 =
〈C˜2(t), C˜ ′1(t)〉 = 0, it follows that C˜2 = ±C˜1 × C˜ ′1. We assume C˜2 = C˜1 × C˜ ′1. Put f (t) = C˜1(t). Then (3.80) yields case (5) in
Theorem 3.4.
Conversely, an easy computation shows that each of the ﬁve types of spacelike surfaces is a constant slope surface
in L3. 
Remark 3.5. Here, a plane passing through the origin can be also viewed as a cone with the vertex at the origin.
Remark 3.6. By the procedure of calculating above, we conclude that only minimal constant slope spacelike surface in L3
is an open portion of a plane. Similarly, only ﬂat constant slope spacelike surface in L3 is an open portion of a cone. This
conclusion is the same to the Euclidean case, see [11].
4. Examples and their pictures
In this section, we give some concrete pictures of constant slope surfaces (see Figs. 1–3).
In view of case (5) of Theorem 3.2, we may choose f (t) = (0, sinh t, cosh t). Then f (t) × f ′(t) = (1,0,0). Consequently,
the constant slope surfaces is given by
x(s, t) = s sinh θ(sinh(coth θ ln s), cosh(coth θ ln s) sinh t, cosh(coth θ ln s) cosh t). (4.1)
For θ = 1.5, the surface (4.1) is given by the ﬁrst picture of Fig. 4.
In case (5) of Theorem 3.4, we choose f (t) = (cos t, sin t,0). Then f (t) × f ′(t) = (0,0,1). Consequently, the constant
slope surfaces is given by
x(s, t) = s cosh θ(cosh(tanh θ ln s) cos t, cosh(tanh θ ln s) sin t, sinh(tanh θ ln s)). (4.2)
For θ = 1.5, the surface (4.2) is given by the second picture of Fig. 4.
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Fig. 3. θ = 1.5. The constant slope surfaces (4) in Theorem 3.2 and (4) in Theorem 3.4.
Fig. 4. θ = 1.5. The constant slope surfaces (4.1) and (4.2).
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